Introduction
In this paper, we complete the classification of extremal rational elliptic surfaces in characteristic p, begun in [3] .
In [4] , Miranda and Persson classified all rational elliptic surfaces over the complex numbers such that the Mordell-Weil group of the generic fibre is finite. They called these surfaces extremal rational elliptic surfaces. They found 16 families of such surfaces. All but one of these families have only one member, and the exceptional family depends on one parameter.
In our first paper on extremal rational elliptic surfaces in characteristic p, we classified those where the singular fibres are semi-stable. These are the characteristic p analogues of the surfaces studied by Beauville in [i], and we called them Beauville surfaces.
In this paper, we classify all other extremal rational elliptic surfaces. The classification is identical to the classification in characteristic zero in all characteristics except two and three. (There is one exceptional case in characteristic five.) The classification in characteristics two and three looks quite different. This is due to the presence of a wild ramification term in the formula of Neron-Og~Shararevich, which appears only in these characteristics.
Here is a plan of the paper. In Section i, we give the preliminary results on extremal rational elliptic surfaces that we need. (Almost all of these results appeared in [3] .) In Section 2A, we classify all possible singular fibres on rational elliptic surfaces with section in characteristic two, taking into account the extra term in the Neron-Ogg-Shararevich formula. It is hoped that this list may be useful for other purposes. In Section 2B, we use the results of Section 2A (together with the material of Section 1) to classify extremal rational elliptic surfaces in characteristic two. Sections 3A and 3B carry out the same program in characteristic three. Section 4 carries out the classification in all characteristics not equal to two or three.
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Preliminaries
Most of this section is repeated from [3] .
Definition. (Miranda-Persson) Let f: X---~C be an elliptic surface with a section over C. We will say that X is an extremal elliptic surface if the rank o(X) of the Neron-Severi group is equal to h 1,1 (X) and if the rank of the Mordell-Weil group of the generic fibre (we will denote this group by MW(Xg)) is zero.
If f: X--~C is an elliptic surface with a section over an algebraically closed field of characteristic p, the definition of extremal remains the same except that we replace the condition ~-----h 1'1 by the condition Q=B2.
We will assume that all elliptic surfaces are relatively minimal and have a section.
Definition. A Beauville surface is an extremal rational elliptic surface such that all singular fibres are semi-stable.
Let f: X--*C be an elliptic surface over an algebraically closed field k. Following [4] , we assign three numerical invariants to each singular fibre F of X. The first is 5F, the order of vanishing of the discriminant A of the Weierstrass equation for the point of the base under F. The second is rE, which is the number of components of F which do not meet the zero section. Finally, we consider the lattice in NS(X) of rank rF spanned by the components of fibres not meeting the zero section, and we let dF be the discriminant of this lattice. (If rF~-O Proof. This is a consequence of the formula of Neron-Og~Shararevich. See [5] or [6, p. 361] . Now suppose f:X--+P 1 is an extremal rational elliptic surface. Since X is rational, ~ 5F=12, and since X is extremal, ~rF=8. Therefore ~(hF--rF)=4. We classified Beauville surfaces in [3] . Therefore we need only deal with surfaces with three or fewer singular fibres in this paper.
Characteristic two
2A. Classification of singular fibres of additive type on rational elliptic surfaces in characteristic two Throughout this section, we will assume f: X--~P 1 is a rational elliptic surface with section over an algebraically closed field of characteristic two.
We begin by listing the possible types of singular fibres of additive type that can appear on a rational elliptic surface in characteristic two. We put the Weierstrass equation for each type into a normal form, and compute A, hE, and the Kodaira type of each fibre. The Kodaira type determines rE.
The proof is a straightforward exercise in applying Tate's algorithm for determining the type of a singular fibre in an elliptic pencil [7] . We start by writing the Weierstrass equation for our surface y2 +alxy+a3y = x 3 +aax 2 +a4x +a6, where the ai are polynomials in t of degree <i. We locate our singular fibre of additive type at t=0. We may change coordinates so that tla3, a4, and a6. We may now write the equation in the form y2 +alxy+tc2y = x 3 ~-a2 x2 +atc3x+tch.
Then since our fibre is of additive type, t lal. We have two possibilities:
(1) a150, in which case we may scale and assume al =t; (2) al =0. If al =0, the j-invariant of the surface is identically zero.
We will handle these possibilities separately. Also, by making a substitution y=y+ kx, we may assume t[a2 also. Now we simply work through the algorithm. The calculations are straightforward, and will not be given in detail. Notations such as ai, ci, di, etc. represent polynomials in t of degree _<1. The possibility of Case 3 and Case 6 appearing together is excluded, since both of these require al 50 and that al have a zero below the fibre in question. Since al has degree _<1, it has at most one zero.
2B. Existence and uniqueness of surfaces with prescribed fibre types
In this section we will show that surfaces with fibres of each type listed at the end of Section 2A exist. We will examine the uniqueness of each type.
Before beginning our case-by-case analysis, we remark that in the cases where j is not identically zero, the Weierstrass equation may be written in the form y2 +alxy+a3y : x 3 ~-a2x 2 ~-a4x +a6.
By appropriate changes of variable, this can be put into the following form. To summarize, we have found nine types of extremal rational elliptic surfaces with three or fewer singular fibres. There is a unique surface of each type except for Type I, where there is a l-parameter family of surfaces.
We list the Weierstrass equations and Kodaira fibre types in each case, for the convenience of the reader. 
Characteristic three

3A. Classification of singular fibres of additive type on rational elliptic surfaces in characteristic three
Throughout this section, we assume f: X--*P 1 is a rational elliptic surface with section over an algebraically closed field of characteristic three.
We repeat the program of the previous section. We start by listing the possible types of singular fibres of additive type that can appear on a rational elliptic surface in characteristic three.
We begin by writing the Weierstrass equation
y2 = x3 ~_a2x2 +a4x +a6,
where the ai are polynomials in t of degree _<i. We locate our singular fibre of additive type at t=0. We may change coordinates so that t[a3, a4 and a6. The equation now becomes
y2 = x 3 + tcl x 2 + tc3x + tcs.
We find it more convenient to work with -A instead of A in characteristic three.
Case 1A By substituting x=x+kt+lt 2, we may assume c3=a+bt 3. Computing, we find --A = t 7 +t4c5 +t 3 +b3t 12-t 4 (a 2 +2a2t+a2t 2 +2abt 3 +abt4 + 2abt5 +b2t2 + 2b2tT +b2tS). Case III. We assume the fibre of type 6A is at 0, and the fibre of type 13 is at o<~. The Weierstrass equation is y2=X3~-t2CoX2~-t3ClX~-t4C2, t~C2, t~C1.
y2=x3-4-tcl x2 A-tc3x A-tcs
As in the previous case, c0#0, so we may assume c0=1. By making a substitution of the form x=x+kt 2, we may assume cl=e, a non-zero constant. Our equation is now y2 = X 3 +t2x 2 +t3ex +t4c2"
Computing, we find -A=tl~176 2 +tge 3. Since we want -A=ct 9, we must have c2=e 2. By scaling, we may assume e=l. Therefore the surface y2 = x 3 +t2x 2 +t3x+t 4
is the unique surface in Case III.
Case IV. We locate the fibre of type 8A at 0, the fibre of type I1 at ~. Our equation becomes
y2=x3+t2cox2+t4dox+t5dl, t~dl, t~co.
By scaling, we may assume c0=1. Substituting x=x+kt 2 allows us to assume do=0. Then -A=tndl.
We must have dl=e, e a non-zero constant. Scaling, we may assume e= 1. So the unique surface in this case is y2 = x 3 ~_t2x 2 ~_t5.
Case V. We locate the Case 7 fibre at 0 and the Case 2 fibre at cr In order to have this configuration, we must have a2=0. Our equation is y2 =x 3+t3clx+t5dl, t~cl.
In order to have a Case 2 fibre at cr we must have cl =e, a non-zero constant. We may assume e=l. We may make a substitution of the form x=xA-kt 2 to get dl=f, a constant. Let u=t -1. Then at c~, our equation becomes y2 = x3+ux+ fu.
In order to have a Case 2 fibre at c~, we must have f=0. Thus, the surface exists and is unique. The Weierstrass equation is y2 = X 3 +t3x.
Case VI. We want fibres of type 4A at both 0 and oc. Our equation is y2 = x 3 + tcl x 2 + t4 cox A_ t3 c3"
In order to have additive reduction at both 0 and cxD, we must have c1 = constant. Since we want fibres of type 4A, we must have cl#0, so we may assume cl=l. Calculating, we find --A = t2 ( t4 c3 --tS c2) + t12 c 3.
Since we want -A=kt 6, k a non-zero constant, this forces c0=0, c3 a non-zero constant. We get a l-parameter family of surfaces in this case. . So the jmap for our surface must factor through the j-map XI(4)-*P 1, where Xl(4) is the modular curve. But looking at ~, we see the j-map for our surface has degree 9, while the j-map for X1 (4) has degree 6. So this surface does not exist, as claimed.
Case X. We locate the fibre as in Case 2 at t=0. The Weierstrass equation is of the form y2 = x3A_tclx2A_tc3x+t2c4 ' t~c3. Since we want fibres of multiplicative type, we cannot have co =0, so we may assume c0=1. Since we have a 2-torsion point, we may put the equation in the form y2 = x 3 ~_t2 x 2 +t2c2x.
Then -A=-tSc2+t6c3. Since t{c2, we get a non-zero t s term. Since -A must be a perfect cube, we see this surface does not exist.
Case XIII. We have a fibre of type 5A at t=0, and fibres of types I1 and I4. The order of the Mordell-Weil group is 4. Since A has a simple zero, it cannot be a square, and hence the 2-torsion points cannot all be rational over k(t). Hence the Mordell-Weil group is Z/4. Since the degree of the j-map is 6 for both our surface and the elliptic modular surface E1 (4), this surface must be E1 (4) Since we have fibres of multiplicative type, co 50, and we may assume co = 1. Make a substitution of the form x=x+kt 2 to get cl =e, a non-zero constant. Scaling, we may assume e=l. Then -A=t4(tTdl-t6)+t 9, so in order to have a fibre of type I2 at cx~, we must have dl =0. Hence this surface is unique, with equation y2 = x 3 +t2x 2 +t3x.
To summarize, we list the extremal rational elliptic surfaces found, together with the Weierstrass equations, and the types of singular fibres. The numbering does not correspond to the numbering above. Proof. We merely sketch the proof of this theorem, which is essentially a straightforward application of the techniques of Miranda-Persson. First, we note that Table 1 .1 of [4] is valid in characteristic p, p#2, 3. Next, we consider all the types of surfaces permitted by the results of Section 1. For each type, we work out the degree of the j-map and the ramification over 0 and c~. Then we apply the Hurwitz genus formula, and find that the possibilities excluded in [4] are also excluded in our case. The reader will check that in each case, no problems are caused by wild ramification or inseparability of the j-map except in one case in characteristic 5.
This exceptional case is the one where we have singular fibres of type II, I5, I5. In this case, the j-map has degree 10, and using the Hurwitz formula, we see that this can only exist in characteristic five, with the j-map inseparable.
Let us assume that we have such a surface with the fibre of type II at t=0. The
Weierstrass equation has the form y2 =x 3 +a4x-t-a6, with the ai polynomials in t of degree < 1. Since the j-map is inseparable, all multiplicities of zeroes of j must be divisible by 5. Hence by We want A to have a zero of order 5 at c~ and one zero of order 5 at finite distance, and we want the j-map to be inseparable. This forces a6=-at+bt 6. Plugging this into A, and setting the t 12 term to 0, we get b=v/-3. Making j inseparable forces a=2x/3. So our surface is unique, with equation y2 = x 3 +t4x_}_2v/-~t + V~t6.
To eliminate the square roots, make a substitution x=v~x, y=33/ay. Our equation becomes y2 ~ x 3 ~_2t4xW4t_+_2t 6.
The existence and uniqueness of the remaining cases can be deduced exactly as in [4] , and the Weierstrass equations are the same as those listed there. This completes our sketch of the proof of Theorem 4.1.
